ON ALGEBRAIC EQUIVALENCE
BETWEEN PAIRS OF LINEAR TRANSFORMATIONS(")

BY
URI FIXMAN

Introduction. In [1] the authors studied pairs o, Z of linear transformations
of a complex vector space V into a complex vector space W (V, W possibly of
infinite dimension). The original motivation for this study was its application
to a perturbation theory of differential eigenvalue problems developed by Arons-
zajn (see the introduction to the cited paper). Our aim here is to make a small
contribution to the algebraic problem of equivalence of pairs of linear trans-
formations. The pair &/,%: V— W is said to be equivalent (or isomorphic) to
the pair &#',%’: V' — W’ in case there exist linear isomorphisms ¢ of V onto
V' and ¢ of Wonto W' such that &/'¢ = ysof, Z'¢p = Yy&. Our considerations
will be valid for vector spaces over any algebraically closed field; however we
prefer to adhere to the terminology suitable for complex vector spaces.

For finite-dimensional vector spaces the problem was solved by Kronecker
who found canonical forms for pencils of rectangular matrices. In addition to
[1] and the brief statement 1.7 below, one may find an exposition of Kronecker’s
result akin to our approach in [5] (which contains further references). In the
so-called nonsingular case, in which an invertible linear combination of &/ and
4 exists (and is known), the problem reduces to that of similarity of single oper-
ators. It well known that it may then be treated as the isomorphism problem
for unitary modules over the complex polynomials, for which a vast literature
exists. It appears that the infinite-dimensional general case was not considered
before [1].

To treat the general case it is technically convenient to replace the structure
(4, %; V,W) by the following simple analog to a module. Let 7~ denote the 2-di-
mensional vector space of pairs of complex numbers. A (linear) system (V, W)
is a pair of complex vector spaces V, W together with a system operation which
assigns to every pair of elements A€ .7, ve V an element Av of W so that

(i) for every AeZ the map v— Av is a linear transformation of Vinto W;

(ii) (¢4 + B = a(Av) + B(Bv) for ve V, A,BeJ and a,f complex.
Otherwise expressed, the map (4,v)— Av is a bilinear transformation of
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g x Vinto W. To (#,%; V,W) we attach the system (V, W) with the system
operation defined by («,f)v = (e + f%)v. We carry the discussion through in
terms of systems; the results obtained can of course be reinterpreted in terms
of the original transformations. Although we do not have here a complete analog
to the ring of coefficients of a module (in the nonsingular case V = W, & = iden-
tity, the elements of .7 correspond just to the linear polynomials in the ring of
the module associated with %), it is possible to extend module-theoretic con-
cepts to systems. It is in this spirit that the undefined terms in the introduction
may be understood. Since previous familiarity with [1] is not assumed, we state
in §1 the definitions and results of [1] which will be needed in the sequel.

One of the main concepts of [1] was an analog to the notion of a pure sub-
module. A subsystem of a system (V, W) is quasi-spectral in (V, W) if it is a direct
summand in every finite-dimensional extension contained in (V,W). A given
system (V, W) was investigated in terms of quasi-spectral direct sums of quasi-
spectrally-irreducible (q.s.irr.) subsystems. This was carried out for all q.s.irr.
subsystems which are of finite dimension or of torsion type. The above direct
sums were shown to correspond to linearly independent subsets of certain
auxiliary vector spaces, the dimensions of which yielded isomorphism invariants.
These invariants may be regarded as the multiplicities of appearance of q.s.irr.
types in (V,W).

In the first half of the present work we study a new family of q.s.irr. types:
In §2 we introduce (torsion-free) rank for systems; while in §3 we characterize
the isomorphism types of torsion-free systems of rank 1—these are q.s.irr.—by
classes of ‘‘height functions’’ and find their algebras of endomorphisms. These
results run parallel to the corresponding ones in the theory of abelian groups'
(see [2] and [3]). Because we include the singular case, there exist q.s.irr. torsion-
free systems of rank higher than 1.

In the rest of the paper we formulate conditions for a family of isomorphic
q.s.irr. subsystems to have a quasi-spectral direct sum (§4), and apply them to
torsion-free subsystems of rank 1 (§5). The case of subsystems which are not
isomorphic is also briefly dealt with. Here the mentioned linearly independent
subsets of vector spaces have to be replaced by independent subsets of modules
of homomorphisms modulo certain subsets. Only for a very restricted class of
torsion-free systems of rank 1 do these subsets always form submodules, thus
enabling us to attach to (V,W) corresponding multiplicity invariants (cf. the
discussion towards the end of §4 and Theorems 5.12, 5.13).

1. Preliminaries. A system (V',W’) is called a subsystem of the system
(V,W) if and only if V' <V, W’ < W and the system operation of (V',W’) is
the restriction of the system operation of (V,W) to J x V' (implying that the
range TV' ={ X Apj|A,e T, vjeV'} is contained in W’. The space W’ is
termed the range space of (V',W')). The subsystems of a system (V, W) form a
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complete modular lattice under the operations of taking sums X(V;,W;)
= (XV;, W) and intersections (\(V;, W) = (("\Vi,[ \W)) (with the induced sys-
tem operations) or equivalently under the partial order: (V',W’) < (V",W") if
and only if V'c V" and W< W".

*_ The meaning of the derived notions independent set of subsystems, (discrete)
direct sum of subsystems (denoted by X 4 (V;, W) and decomposable system
is now obvious. It will be convenient to say that a subsystem (V', W’) of (V, W)
is spectral in (V, W) in case it is a direct summand of (V,W); i.e., when there
exists a subsystem (V”,W") such that (V,W)=(V',W') + (V",W"). A system
(V,W) is of finite dimension, if and only if both V and W are finite-dimensional
vector spaces. We then define dim(V, W) = dim V + dim W (this is the ordinary
lattice theoretic dimension). The convention that an empty sum of subsystems
is the null subsystem (0,0) will be followed. The above definition of partial order
will be used also for pairs of subsets (M, N) where M < ¥, N = W which do not
necessarily constitute subsystems. If (M,N) < (V, W) where (V,W) is a system,
the subsystem spanned by (M, N), i.e., the least subsystem of (V, W) which con-
tains (M, N), will be denoted by [M,N] (while [M] and [N] denote spanned
vector spaces).

A homomorphism of a system (V, W) into a system (V’,W') is a pair (¢,¥) of
linear transformations of V into V' and W into W' respectively such that
A¢v = YAv for every Ae T, ve V. The terms isomorphism, isomorphic systems

. and endomorphism are now self-exlanatory. If (¢,y) is a homomorphism of
(V,W) into (V',W’) its image (¢,¥)(V,W) = (¢V,yW) is a subsystem of
+ (V',W’), and its kernel Ker(¢,y) = (Ker¢,Kery) is a subsystem of (V, W). If

*0 Ker(¢,¥) = (0,0), (¢,¥) is called a monomorphism. If (V',W’) is a subsystem
of (V,W), the quotient system (V,W)[(V',W’) is the pair (V/V', W|W’) with
the system operation A(v + V') = Av + W', AeJ, veV. The usual homomor-
phism and isomorphism theorems hold.

The set Hom (V, W; V', W’) of homomorphisms of (V, W) into (V', W’), with
the operations (¢1,Y1) +(¢2,¥2) = (¢1 + ¢2, ¥, +¥,) and «(,¥) = (x¢,x)
(« complex) is a vector space. No confusion with a null system will arise by denot-
ing the zero of Hom(V, W; V', W') by (0,0). The set End(V, W) = Hom(V, W; V, W)
can be made into an algebra over the complex numbers with the identity element
(1,1) by adding the operation of multiplication (¢1,¥;) (¢2,¥2) = (192, ¥1¥2).
Idempotents of End(V, W) are called projections and are related to direct sums
in the usual manner.

A system (V,W) is called nonsingular if and only if there exists an element
A in J such that the linear transformation ¢:v— Av is an isomorphism of V
onto W. In this case (1,¢~1) is an isomorphism of (V, W) onto the system (V, V)
with the system operation o defined by Bo v=¢~1Bv, BeJ, veV. In the
latter system the elements of J induce linear operators of V¥ into itself, A induces
the identity, and the operator ¥ induced by any element independent of 4 (to-
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gether with the knowledge of this element) determines the system. The invariant
subspaces of € correspond in a 1-1 fashion to the subsystems (V', W’) of (V, W)
such that SV’ = W’. Thus the concept of a nonsingular system is essentially
equivalent to that of a single operator € of a vector space V and therefore also
to the module over the complex polynomials defined by p({)v = p(€)v,p({) a
polynomial, ve V.

A subsystem (V',W’) of a system (V, W) is said to be quasi-spectral (q.s.) in
(V,W) if and only if it is spectral in every subsystem (V”,W") such that
W ,wHYyc (V' ,W)<(V,W) and (V',W")[(V',W’) is of finite dimension. A
system is quasi-spectrally-irreducible (q.s.irr.) if it is not a null system and
does not contain nontrivial g.s. subsystems. By modularity it follows that every
spectral subsystem of (V, W) is q.s. in (V, W). Hence a finite-dimensional system
is q.s.irr. if and only if it is indecomposable. We call a system (V, W) algebraically
compact in case it is spectral in every system which contains (V, W) as a q.s.
subsystem. The following properties are taken from [1].

1.1, If(V',W"isq.s.in(V',W’)and (V',W’')is q.s. in (V, W), then (V",W")
is q.s. in (V, W).

This together with an obvious converse imply that a subsystem of (V, W) is
minimal among the non-null q.s. subsystems of (V, W) if and only if it is a q.s.
subsystem which is q.s.irr.

1.2. If {(V;, W)} is a family of q.s. subsystems of (V, W) which is a directed
set under inclusion, then X (V;, W) is q.s. in (V, W).

1.3. If (V', W)WV , W)= (V,W) and (V',W’) is q.s. in (V,W), then
W,wH|(V',W") is q.s. in (V, W) [(V",W"). Conversely, if (V',W’)[(V",W") is

q.s. in (V, W) /(V",W") and in addition (V",W”) is q.s. in (V, W), then (V',W’) *"

is q.s. in (V, W).

1.4. If (X,Y), {(V;,W)} and {(X;,Y;)} are subsystems of (V,W) such that
(Vis u’n) = (X, Y) + (Xi, Yz) for every i, then (V’ W) = (X’ Y) + Z + (Xi, Yi) if
and only if (V,W)/(X,Y)= X+ ((V;, W)X, Y)).

1.5. Finite-dimensional systems and divisible systems ((V, W) is divisible if
AV = W for every 0 # A€ J) arealgebraically compact. Unlike divisible modules
over principal ideal-rings, divisible subsystems are not necessarily spectral.

To describe particular systems we need the following notation. Let A,B be
an (ordered) basis of 7. We make a 1-1 correspondence between representatives
of the 1-dimensional subspaces of J and the extended complex plane ® by
defining By = B — 04, 0 a finite complex number, B,, = A. This parametrization
depends on the basis in the following manner: if C=a4 + B, D =7yA + 6B
is another basis, then Dy and By are proportional if and only if 6’ is related to
60 by the Moebius transformation 6’ = (50 + y)/(80 + «). Whenever such a
parametrization is used it is tacitly assumed that a fixed basis 4, B of 7 has been
chosen. For a given system (V,W) and CeJ denote N(C)={ve V|Cv =0}.
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A nonzero element of N(B,) is called an eigenvector corresponding to the eigen-

value 0. A system (V,W) with dimV=m +1, m=0,1,2,---, is said to be of

type

I,, : if and only if dim W= m and dim N(C) = 1 forevery 0 # CeJ .

II,,‘: : if and only if dimW=m + 1, dim N(By) = 1 and N(B,) =0 for0#ne©.

III,, : if and only if dimW=m + 2 and N(C) =0 for every 0# CeJ. In this
case we allow m= —1.

We may further describe such systems (¥, W) as follows. Let 4,B be a basis
of 7, and let p S r < s < q be integers or the symbols — o0, 0. We denote by
C?%(A,B; V,W) the set of all sequences {v,}% with elements in ¥ which satis-
fy the relations Av, = Bv,_, for every k such that p<k—1<k=<qand v;=0
for p<k <rand s <k < q. Such a sequence is called a chain with range ele-
ments w, = Av, (if ¢ < o0, denote w,,, = Bv,). A proper chain in C; (4,B;V,W)
is a chain in this set such that the sets {v;}; and

{welkzr+1if p<r, kzr if p=r, k<s if s<q, kss+1if s=gq}

are separately linearly independent. By the subsystem spanned by a chain {1}
we mean [{v,}, &F].

1.6. A system (V, W) is of type I,,,I12 or III,, (here m = 0) if and only if it
is spanned by a proper chain in C; * ;/(4,B; V,W), C3 X(A,By; V,W) (here
A, B, stands for the ordered basis B,4) or C9 m(A,B; V,W) respectively.

Hence the above types define unique isomorphism types (which are obviously
distinct). As follows from the former characterizations of these types, the types
I,, III,, do not depend on the choice of the basis A4,B, while II¢, depends on
the proportionality class of B, only.

1.7. A finite-dimensional system is indecomposable if and only if it is of
one of the types I,,, 112 or IIL,.

Since every finite-dimensional system is obviously a direct sum of indecompos-
able ones, this together with 1.4 imply

1.8. A subsystem of a given system is q.s. if (and only if) it is spectral in every
extension contained in the given system by a system of one of the types I,
1, or IIL,.

The following infinite-dimensional isomorphism types are q.s.irr. and divisible.
A system (V, W) is said to be of type II% if it is spanned by a proper chain in
CZ2 S(A,By; V,W) (see the above convention for § = ). Let R denote the
vector space of all the rational functions in an indeterminate { over the field
of complex numbers, and let 4,B be a basis of 7. The systems (R,R),,z Where
the system operation is defined by (x4 + fB)f)({) = (¢ + B{)f({) have a com-
mon isomorphism type, independent of the basis A, B, which will be denoted
by Z. For a more abstract characterization of these isomorphism types see [1].



1964] ALGEBRAIC EQUIVALENCE BETWEEN LINEAR TRANSFORMATIONS 429

A system is said to be torsion-free if it has no eigenvectors. Among the sub-
systems (X, Y) of a system (V, W) such that (V, W)/(X,Y) is torsion-free there
exists a (unique) least subsystem which is called the torsion part of (V,W) and
is denoted by #(V,W). A system (V,W) is called a torsion system in case
(V,W)=(V,W) (in [1] the terms eigenvalue-free, eigenvalue part and eigen-
value systems were used).

1.9. #(V,W) is a torsion system (cf. 2.1 below).

1.10. If (X,Y)< «(V,W), then t(V,W)/(X,Y)) =V, W)[(X,Y). It follows
that a homomorphic image of a torsion system is a torsion system (cf. 2.1).

1.11. «(V,W) is the sum of all the subsystems of (V, W) which are of the
types I12 or I,. In particular, if (V, W) is both torsion-free and a torsion system,
then (V,W) =(0,0).

1.12. «V,W) is the largest torsion subsystem of (¥, W). This follows from
1.9 and 1.11.

1.13. «V,W) is q.s. in (V,W). In more detail, there exists a transfinite in-
creasing sequence {(Va,W,)IO < a < A} of q.s. subsystems of (V, W) such that:
Vo, Wo) = (0,0); (V3, W) =t(V,W); if a<A is a limit ordinal, then
Vo, W) =U,,<a(V,,,Wﬂ); if « <4 has an immediate predecessor a« — 1, then
(Vs W) |(Vo—1,W,_ ) is one of the types I,,, II%, or II%,.

2. Rank. A subsystem (X,Y) of a system (V, W) is said to be torsion-closed
(in (V,W)) if and only if (V, W)/(X, Y) is torsion-free. It is immediately verified
that the intersection of a family of torsion-closed subsystems of (V, W) is torsion-
closed in (V, W). Hence if (M, N) is a pair of subsets of V, W respectively, there
exists a least torsion-closed subsystem of (V, W) which includes (M, N). We call
this subsystem the subsystem generated by (M,N) in (V,W), and denote it by
cl(M,N) (or cly w)y(M,N), when a qualification is necessary). The subsystems
cl(F,N), cl(F,{w}) are said to be generated by N, w respectively.

Note the different usage of the terms ‘‘generated’’ and ‘‘spanned.”’’

2.1. LeMMA. (a) The operation cl is a closure operation; i.e.,
cl(M, N) 2 (M,N), (M, N;) 2(M,,N,) implies cI(M,N,) 2 c(M,,N,) and
cl cI(M,N)=cl(M, N).

(b) We have c(M,N) = (M, N) if and only if (M, N) constitutes a torsion-
closed subsystem of (V,W).

(© «V,W) = cJ,2).

(d) The subsystem cl(M, N) is characterized by the relation cl(M, N)/[M,N]
= 1(V, W) [[M, N)).

(e) Ifthe pair of subsets (M, N) is included in the subsystem (X, Y) of (V, W),
then clix,y(M,N) S clyy w)(M,N). If in addition (X,Y) is torsion-closed in
(V, W), then clix yy(M,N) = cly w\(M, N).

) If(X,Y) is a subsystem of (V, W) contained in ci(M, N) and (¢,V) is the
natural homomorphism of (V,W) onto (V,W)/(X,Y), then
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Ci(V,W)/(X,Y)(¢Ma YN) = cly wy(M,N)[(X,Y).

(8) If (X,Y) is q.s. in the torsion-free system (V, W), then (X,Y) is torsion-
closed in (V,W).

Proof. Parts (a) and (b) are evident, while (c) is just a restatement of the defi-
nition of #(V,W). Part (d) follows from (c) on noting that (X, Y) is a torsion-
closed subsystem of (¥, W) whichincludes (M, N)if and onlyif (X, Y) 2 [M, N]and
(v, W)[[M,N]D)/((X,Y)/[M, N]), whichisisomorphicto (V, W) [(X, Y),is torsion-
free. Under the first hypothesis of (e), the system (X, Y)/((X, Y) N cly w)(M, N)),
being isomorphic to the subsystem ((X,Y) +cly w\(M,N))/cliy wy(M,N) of
(V,W)/cly,w)(M,N) is torsion-free. Hence (X,Y) Ncly w)(M,N) is a torsion-
closed subsystem of (X,Y) which includes (M,N). Therefore it includes
clx,(M,N). If in addition (V,W)/(X,Y) is torsion-free, then since
(X, Y)[clix,v)(M, N)is torsion-free it follows immediately that (V, W) [cl x y((M, N)
is torsion-free. Therefore since cly y(M,N) contains (M,N), it contains
cliy,wy(M, N). Part (f) follows from the fact that a subsystem which contains
(X,Y) is torsion-closed in (¥, W) and contains (M, N) if and only if its homo-
morphic image is torsion-closed in (¥, W) /(X, Y) and contains (¢M, ¥ N). Finally,
under the assumptions of (g), if Cve Y, where veV, 0# CeZ, and (zn,p) is a
projection of (X,Y) +([v],7[v]) onto (X,Y), then Cv = pCv = Cnv. Hence
v=mveX.

Let (V, W) be a system, w an element of W and La subset of W. We say that
w dependson L (in symbols: w< L) if and only if w belongs to the range space
of clyy,wy(J,L). This notion is of course relative to the system (V, W). However,
2.1(e) shows that if (X, Y) is a subsystem of (V, W) and an element of Y depends
on a subset of Y in (X,Y), it does so in (V, W) too. In Theorem 2.3 below we
shall show that the relation we have defined satisfies the usual Steinitz-van der
Waerden dependence postulates.

2.2. LeMMA. If (V,W) is a torsion-free system, the following assertions
are equivalent:

(@) (V,W) is generated by a nonzero element w of W.

(b) (V,W) #(0,0), and every finite-dimensional subsystem of (V,W) is con-
tained in a subsystem of some type 111,,.

(c) (V,W)#(0,0) and every homomorphic image of (V,W) with a non-null
kernel is a torsion system.

Proof. The implication (a) = (b) appeared implicitly in the proof of one of
the lemmas of [1]. For the sake of completeness we include a proof here. As-
sertion (a) means that (V,W)/(0,[w]) is a torsion system. Hence by 1.11, if
(X,Y) is any finite-dimensional system, then ((X,Y) +(0,[w]))/(0,[w]) is in-
cluded in a finite-dimensional torsion subsystem (U, Z) /(0, [w]) of (V, W) [(0,[w]).
According to 1.7 we have a decomposition
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(*) (U,Z)/(O,[W]) = Z + (UisZi)/(O’[w])

where the subsystems (U;,Z;)[(0,[w]) are of the types I, II:,‘, or IIL,.
A subsystem (U;,Z;)/(0,[w]) cannot be of type III,, since it is a homomor-
phic image of the torsion system (U, Z)/(0, [w]). Were it of type I,,,, we would
get dimU; =m; + 1 = dimZ;/[w] + | = dim Z;; which, since the complex field
is algebraically closed, implies the existence of an eigenvector in (U,, Z)
against the assumption that (V,W) is torsion-free. Hence all the summands
are of the types II% and therefore dimZ = X(m; +1) +1=dimU + 1. It fol-
lows that in a complete decomposition of the torsion-free system (U,Z), all
the summands of which are of the types III,, only one summand appears.
Thus (X, Y) is contained in the subsystem (U,Z) which is of type III,. Sup-
pose now that (b) holds and let (X,Y) #(0,0) be a subsystem of (V, W). Since
(V,W) is torsion-free, Y contains a nonzeroelement w. Given any element of
V or W there exists by our assumption a subsystem (U,Z) of some type III,,
which contains w and the given element. In a decomposition (*) no summand
is of type I, by the above argument. Since dimU /0 =m + 1 =dimZ/[w] and
dim U;/0 < dimZ,;/[w], we have equalities throughout; i.e., the summands are
of the types IIy\. It follow that (V, W)/(0, [w]) is a sum of subsystems of
types II%; hence a torsion system. Therefore

VW) (X, Y) = ((V, W) [0, [wI)/(X, Y) [(0,[w]))

is also a torsion system. Finally if (c) holds and w is any nonzero element
of W, then evidently (V, W) = cl(J,{w}).

2.3. THEOREM. Let (V,W) be a system, L, M subsets of W and w, w; elements
of W. Then

(@) If w< Land every element of L depends on M, then w< M.

(b) w<{w}.

(¢) If w< L and L M, then w< M.

(d) If w< L, then w depends on a finite subset of L.

(&) If w<{wy, -, w,}and w not <{wy, =, w,_1}, then wo<{Wy, =, Wo_y,w}_

Proof. By the assumption of (a) we have (,{l}) < cl(&, M) for every le L,
hence (&, L) < cl(F,M). Therefore (F,{w}) < cl(F,L) < cl cl(F,M) = cl(F,M)
and w< M. Now, if w depends linearly on L,then w< L since the range space
of cl(,L) is a subspace which contains L. This implies (b) and also shows that
(c) follows from (a). To prove (d), we first observe that if (X, Y)/(0,[L]) is a
subsystem of (V,W)/(0,[L]) which is of type II%, or I,, then every element of
Y depends on a finite subset of L. To see this, say in the case II,f, 0 # o0, con-
sider a chain {x,} € CJ (4,By; X/0, Y/L) which spans (X,Y)/(0,[L]) (1.6).
Then we have Ax, = yi, BeX, = Yi+1 + lk+1, k=0,---,m, with y, ., =0 and
l,e[L]. Any given element y of Y is of the form y= X, oy, + I, where
le [L]. There exists a finite subset L' of Lsuch that [,,le[L'], k=1,---,m + 1.
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Hence {x,} € CJ %(A,By; X [0, Y/[L]) spans a subsystem of (X, Y)/(0,[L]) or
of (V,W)/(0,[L]) which contains y + [L']. This subsystem is a homomorphic
image of a system of type II,Y and is therefore a torsion system. Thus, by 1.12,
(D, {y +[L]}) = ¢((V,W)/[(0,[L']) and y< L. Now if w< L, then w + [L] be-
longs to the range space of the torsion system cl(0,L)/(0,[L]). By 1.11, w + [L]
is in the range space of a finite sum X7_ (X}, Y;)/(0,[L]) of subsystems of the
types II2 or I;ie., w= Zf=1y,- + 22_, a1, where I, € Land yjeY;. By what
we have observed, there exist finite subsets L; of Lsuch that y; < L;, j=1,--,p.
Since w depends linearly on the set {y;, -, y,,1;,+,1;} every element of which
depends on L' = {I,,---,I,}u | J?~, L;, we have w < L’ where L is a finite subset
of L. For part (e) let (XI’ Yy =cl(J, {Wl’ "'awu})a (X3, Y,) = d(@:{wl, swn—l})a
(X3,Ys) =cl(F,{wy,+*,W,~1,w}) and let (¢,¥) denote the natural homomor-
phism of (V,W) onto (V,W)/(X,,Y,). We have that (X,,Y,)< (X,,Y)),
(X1, 1) /(X 3, Y,) is torsion-closed in (V, W) [(X,,Y,) and yw; =y0 fori=1, ..,
n — 1. Therefore by 2.1(e)(f) we obtain

lex v i xa (s YWa}) =l wycxa, v (s {(Ywa})
= Cl(V,W)/(xz,n)(Q,{'PWp"‘,'PW..—M//W"})
(X1, Y)/(X3, Y).

Thus the system (X, Y;)/(X,,Y,;) which is evidently torsion-free is generated
by Yw,. From parts (a),(b),(c), and our hypotheses it follows that w, not <
{wy,++,w,_1}; hence Yw, # 0. Similarly yw # 0 and therefore we conclude
from the equivalence of (a) and (c) in Lemma 2.2 that yw also generates
(X1, 11)/(X;,Y,). But again by 2.1(e)(f)

Clix v /x> WUWD =l wyxa, v (D> {¥w})
= Cliywy/(x2, ¥ ) (DWW, YW, g, ¥w})

(X.’n Y3)/(X29 Yz)-
Hence (X,,Y;) =(X;,Y;) and w, e Y; as required.

From Theorem 2.3 follow the well-known results (see e.g. [7]) that every in-
dependent subset (in particular the void set) of the range space of a system (V, W)
is contained in a basis with respect to generation (i.e., an independent subset
which generates (¥, W)), that any subset of W which generates (V, W) contains
a basis and that any two such bases of (V, W) have the same cardinality. This
common cardinal will be called the rank of (V,W) and denoted rank (V, W).
The rank is obviously an isomorphism invariant of systems. A more precise
term would have been ‘“‘torsion-free rank’’ because of the following theorem.

2.4. THEOREM. We have rank (V,W) < rank (V,W)/(X,Y) + rank (X, Y) for
every subsystem (X,Y) of (V,W) with equality if (X,Y) is torsion-closed in
(V,W). In particular rank (V,W) = rank (V,W)[((V,W).
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The proof is easily obtained using Lemma 2.1 and Theorem 2.3. We omit the
details. Lemma 2.2 can now be viewed as a characterization of torsion-free
systems of rank 1. By similar arguments one may show that if a torsion-free
system (V, W) is of finite rank r, then every finite-dimensional system is contained
in a direct sum of r subsystems of types III,,. Conversely, if the latter condition
holds, then rank(V,W) < r.

3. Torsion-free systems of rank 1. We are interested in these systems mainly
because they are the simplest q.s.irr. torsion-free systems. This is a corollary of
the characterization given in Lemma 2.2(c). In fact, if (X,Y) is a non-null g.s.
subsystem of a torsion-free system of rank 1 (V, W), then by 2.2(c), (V, W) (X, Y)
is a torsion system. By 2.1(g) it is also torsion-free. Hence, 1.11, (V, W) /(X,Y)
is a null system; i.e., (X, Y) = (V, W). Another corollary is the following

3.1. LEMMA. A homomorphism (¢,¥) of a torsion-free system of rank 1
(V,W) into a torsion-free system (X, Y) either vanishes or is a monomorphism.

Proof. We have the factorization (¢,¥)= (¢ ¥)(u,v) where (u,v) is the
natural homomorphism of (V, W) onto (V, W) /Ker (¢, ) and (¢ V) is the homo-
morphism of (V, W) /Ker (¢, ) into (X, Y) induced by (¢, ¥). If Ker(¢,y) # (0,0),
then by 2.2(c) (V,W)/Ker(¢,¥) is a torsion system. Therefore, by 1.10,
(o, V)V, W) = (qS ) (V, W) [Ker(¢p,y)) is a torsion system. Being a subsystem
of (X,Y), (¢,¥)(V,W) is also torsion-free. Hence (¢,¥)(V,W)=(0,0); i.e.,
(¢,¥) =(0,0).

Guided by this result and using 2.2(b) and the chain representation of systems
of type III,, (1.6), one proves the following theorem. Since it is one of the lemmas
in [1] with only terminology changes, we omit the details.

3.2. THEOREM. Every torsion-free system of rank 1 (V,W) is isomorphic to
asubsystem of a system of type &. In more detail, given an element w#0 of W,
a nonzero rational function f and a basis A,B of 7 ,there exists one and only
one monomorphism (¢,¥) of (V,W) into (R,R),p such that yw =f.

Our next aim is to give a detailed description of torsion-free systems of rank 1
and then use it to characterize their isomorphism types. We prefer to do this in
a terminology which does not presuppose embedding in a system of type #.
We decompose the set of all ordered bases of J into classes of proportional
pairs, and obtain a set . of classes which is in a natural 1-1 correspondence
with the set of all Moebius transformations. Let 4 /B denote the class of the
basis 4, B. By convention A /B, will stand for B/A. We denote by Z[#] the
set of all formal polynomials

™ oo + i ai(4; /Bj)kj
j=1
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where A;/Bje #, o; are complex numbers and k; are non-negative integers.
These constitute a complex vector space with the natural definitions of equality
and operations (we stipulate that a(A4/B°) =o for all 4/Be.#, « complex).
Let (V, W) be a system and let w e W. We say that the monomial (4 /B’ is applic-
able to w (in (V,W)) if and only if k=0 or there exists a chain {v,}_; in
CZ¥ Z1(4,B;V,W) such that Bv_, = w. This property is obviously independent
of the base chosen from the class A/B. A polynomial in Z[.#] is said to be
applicable to w if it vanishes or, when written in terms of distinct monomials
with nonvanishing coefficients, all its monomials are applicable to w. If (V, W)
is torsion-free and the polynomial (*), with a; # 0 for 1 <j </, is applicable
to w, then the range elements of the chains {v/}2; in CZ}¥ Z1(4;,B;;V, W)
such that ij’_l = w are uniquely determined, and we define

(**) (a0 + Zaj(A;/B))w = aqw + Xawl, .

The value assigned by (**) is then independent of the mode of writing the poly-
nomial (¥) or of the bases chosen from the classes 4;/B;.

3.3. THEOREM. A non-null torsion-free system (V,W) is of rank 1 if and
only if there exists an element w in W such that for every z in W there is a poly-
nomial ag + X'_ a(A4;/B)" in P[M] with

1
ji=1
If (V,W) is torsion-free of rank 1, then every 0 # we W has this property.

Proof. Suppose that (V, W) is torsion-free of rank 1, w,ze Wand w # 0. By
2.2(b) there exists a subsystem (U,Z) of some type IlII,, such that w,zeZ. As
in the proof that 2.2(b) implies 2.2(c), we have (U,Z)/(0,[w]) = X+ (X7, Y¥),
where (X7, Y’) are all of the respective types II%/,. Let {z{};% _,,, be sequences of
elements of Z such that the sequences {zj + [w]}Z,, are the range elements of
chains in CZ}/ 3%(A,B,,; X;,Y;) which span (X7, Y%). (Cf.1.6. 1t is convenient to
shift the indices here.) Then z is of the form z = fow + X; X =—m Jz1. Since
the set of polynomials applicable to w is a subspace of Z[.#] and since the
mapping w — pw, p in this subspace, is linear in p, it suffices to show that each
zj is of the form given in the theorem. To this end we check that if {z;}%, is a
sequence in Z such that {z, + [w]} are the range elements of a proper chain {u,}
in CZ7 3(A,By; U/0,Z/[w]) (we choose, as we may, z, =w for k= 1), then
z_,, mZ —1,is of the form

(3‘31) Zom =((A/B0)m+1 + alm(A/BO)m + e+ ammA/BO + am+1,m)w'

We assume 6 # o0 ; otherwise change the roles of A and B. The assertion being
obviously true for m = —1, consider the case m + 1 under the inductive assump-
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tion that is true in the case m (m = —1). Then z_,, is of the form (3.3.1). From
the chain relations there exist o, such that

(3.3.2) Zowtow=Byu_,_4,

(3.3.3) Z_ oy =Au_,_{ +fw.

By (3.3.2), A/B, is applicable to z_,, + aw, and

3.3.9 Au_,,_ 1 =(A[By(z_,, +ow).
Therefore by (3.3.3)

(3.3.9) Z -1 =(A[Bg)(z_,, +ow) + fw.

We have Byu, = yw withy # Osince u, # 0and (V, W) is torsion-free. Therefore
A|[By is applicable to w, and hence by (3.3.4) also to z_,. Since, by (3.3.1),
(A /Bg)™*isapplicable tow,it follows that A /Byis applicable to z_,,— (A /By)™* 'w.
Hence (4 /B,,)""L2 is applicable to w. Therefore (3.3.5) may be written

Zomey =((A/B)™ " + (A [B)™* ' + -+ + (s 1 m + 0)A /By + P)W,

which proves our statement.

Assume now that an element w with the property of the theorem exists. Every
element of the form (4/B)*w +[w], A/Be 4, is contained in the range space
of a torsion subsystem of (V, W)/(0,[w]). Therefore it follows from our assump-
tion that the range space of t((V, W)/(0,[w])) is the whole of W/[w]. Hence, if
veV and 4,B is a basis of 7, then Av + [w], Bv + [w] belong to the range
space of a finite-dimensional torsion subsystem (U, Z)/(0,[w]). As in the proof
that 2.2(a) implies 2.2(b), we have dimU + 1 = dim Z. Hence, if v did not be-
long to U, the subsystem (U + [v], Z) would have domain and range space
of the same dimension, which contradicts the fact that (V, W) is torsion-free. It
follows that

(VW) [(0,[w]) = (V,W)[(0,[w]) or (V,W)=cl(&,[w].

We now define complete isomorphism invariants for torsion-free systems of
rank 1. Let (V, W) be any system, w € W. It is easy to verify that if 4,Band 4’,B’
are bases of 7 such that B’ is a multiple of B, then (4/B)* is applicable to w
if and only if (4’/B’)* is. This justifies the following definition. If k is the largest
non-negative integer for which (4/B)"is applicable to w, we call k the height
of w at the class B of multiples of B, and denote it by H(w)y; if no such maximal
integer exists, we define H(w)z= co. Clearly the height is defined relative to
the system (V, W). If we Y where (X, Y) is a subsystem of (V,W),then H(W)z
relative to (X, Y) does not exceed H(w); relative to (V, W), with equality if(X, Y)
is torsion-closed in (V, W). If a basis A, B is fixed during a discussion, we speak
of the height at @ instead of the height at By and denote H(w);go = H(w),.A triplet
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(A,B,H) where A, B is a basis of 7 and H is a function from © into the union
of the non-negative integers and the symbol oo will be called a height function
(A, B omitted when understood). Thus the function H(w): 6 — H(w), is ‘‘the
height function of w”’. We introduce an equivalence relation ~ in the set of height
functions (with a fixed basis) by defining H ~ H' if and only if :

(a) The set A={0e®|H,# Hp} is finite and Hy# o0 # Hy for OeA;

(b) If one of the functions does not assume the value co (then both do not
by (2)), then Yoo Ho= Xgoa Hp.

A relation of equality, inequality or equivalence between the height functions
of two elements is clearly invariant under a change of the basis 4, B. The class
of height functions equivalent to H(w) will be called the type of w and denoted
by s (w). The next theorem justifies defining the type #(V, W) of a torsion-free
system of rank 1 (V, W) to be 5 (w) where w is any nonzero element of W.

3.4. TueoreM. If (V,W) is a torsion-free system of rank 1, then the height
functions of nonzero elements of W form a complete equivalence class. The
mapping (V, W) - ' (V,W) induces a 1-1 correspondence between the set of all
isomorphism types of torsion-free systems of rank 1 and the set of all types.

Proof. Since the height function of an element is obviously an isomorphism
invariant, to prove the first part we may assume according to Theorem 3.2 that
(V,W) is a subsystem of (R,R), p such that the function w =1 belongs to W.
From Theorem 3.3, the remark justifying the definition of height and the unique-
ness of the representation of a rational function by partial fractions it follows that

(3.4.1) W=[{({ — 6)7*|k integer, 0 S k <H(w)y + 1, 0 ©}],
where ({ — 0) " denotes {* when 0 = o0, and
(34.2) V=[{¢-07*0<k<HW)y+1,0# o}]+[{{*|0= k< Hi(W)}]

Thus if #(f), denotes the order of the rational function f at 6 (usual convention
at 0 = o), then

3.4.3) W= {weR|— #(w), < H(w), for every ne®}.
For 0 # w’e W we have
(3.4.4) H(w"), = sup {k| k integer,—#" (({ — 6) *w"), < H(w), for every ne®}.

By (3.4.3), we need to consider only non-negative integers k in (3.4.4). Since
Vfe)= () +¥(9),

—H@-0™, = |y =5

Oor —k otherwise,

and #(w’), is finite-valued, it follows that a non-negative integer k satisfies the
condition of (3.4.4) if and only if k £ H(w), + #(w'),; i.c.,
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(3.4.5) H(w')g = H(W)y + W (w")y.

Hence H(w") and H(w) differ only on the subset of the finite set I'={6] #{(w"), #0}
where both are finite; and since o #(w'), = 0, we have H(w’) ~ H(w).

Suppose conversely that H' is a height function equivalent to H(w). Then
the function #” defined by #7, = Hg— H(w), (here oo — oo = 0) is integer-valued
and vanishes outside the finite set A = {0] Hg # H(w),}. If H(w) does not assume
the value oo, we have X, %, =0. Hence there exists a rational function w’
such that #(w'),=%#,,0€0@. Since Hy =0, we have —#(w’), < H(w), for
every 0. Thus, by (3.4.3), w’ € W, and by (3.4.5) H(w')=H'. If H(w) does assume
the value oo, say at n, modify the definition of #” at n by #, =— DI
and proceed as in the previous case. This proves our first statement.

By what we have shown, #(V, W) is well defined and depends only on the
isomorphism type of (V,W). If S£(V,W)=H#(V',W'), let w,w’ be nonzero
elements of W, W’ respectively. Then H(w) ~ H(w’), and there exists an element
w” in W such that H(w”) = H(w'). By 3.2, (V, W) and (V’,W’) can be embedded
in (R, R),,p so that w” and w go as range elements into 1. Hence by (3.4.1), (3.4.2)
(V,W) and (V',W’) are mapped onto the same subsystem of (R,R), p and are
therefore isomorphic. Finally, given a height function H, consider the subsystem
(V. W) of (R,R),p defined as in (3.4.1), (3.4.2) in terms of H instead of H(w).
For the purpose of later reference we denote this system (V,W) also by
(S,T){ 5= (S5 TS%). Then 1€ T} 5,H(1) = H and w = 1 has the property of
Theorem 3.3. Thus (S, T)ﬁ',B is torsion-free of rank 1, and the mapping of the
present theorem is onto the set of all types.

3.5. CoOROLLARY. A torsion-free system of rank 1 (V,W) is nonsingular if
and only if the height functions in H#(V,W) assume the value .

Proof. Since (V, W) is torsion-free the mappings v — Byv are always mono-
morphic. It is clear that ByJ = Wimplies that H(w), = oo for every w in W. Con-
versely, if He #(V,W) and H, = oo, then by 3.4, H(w), = o0 >0 for every w
in W, so that every w has a preimage under B,.

We can introduce a natural partial order £ among the types of torsion-free
systems of rank 1: #! < 2 if and onlyif a system of type S#1 can be isomor-
phically embedded in a system of type #2. It is clear that this relation is reflexive
and transitive. However, the fact that J#1 < #? and #?<#1 implies
H#'1 = #? requires verification since torsion-free systems of rank 1 may well
have proper isomorphic subsystems (see 3.7). From the proof of 3.4 one sees
that #1 < #? holds if and only if there exist height functions H'e #,
i=1,2,such that H! < H®. We show that if H,H'es#", i=1,2, H' £ H?,
and A' 2 A%, then H' ~ H? Let A'={0e®|H/#H}}, i = 1,2. Then ob-
viously A = {()e@[Hg1 # Hy} < A1UA2. Thus A is finite and the functions
H!, H? assume only finite values on A. If H! does not assume the value oo, the
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same holds for the equivalent function H!; hence also for A2 and its equivalent
H?. We then have the inequalities between finite numbers
Y Hys ¥ H}= X A< X B/= X H.
Alqu AluAZ AluAZ Alqu Alqu
Since H! and H? coincide on (AlU A?) — A, it follows that X ,H) = X ,HZ.
We now determine the endomorphisms of torsion-free systems of rank 1.

3.6. THEOREM. Let (V,W) be a torsion-free system of rank 1 and let
He#(V,W). Then the algebra of endomorphisms of (V,W) is isomorphic to
the algebra of the rational functions f such that Hy# co implies #(f), = 0.
More precisely, if (V,W) is a subsystem of (R,R), p its endomorphisms are the
multiplications (f,f) (i.e., the pairs of mappings v— fv, w— fw) for f as above.

Proof. The second statement implies the first one. Suppose therefore that
(V,W)< (R,R) 4, and let 0 # we W. If (¢,) is an endomorphism of (V, W),
then the multiplication by ((yw)/w, (Yw)/w) is a homomorphism of (V, W) into
(R,R) 4,5 which coincides on w with (¢,¥) considered as a homomorphism of
(V,W)into (R,R) 4 5. From 3.1 it follows that these mappings coincide on (V, W);
hence (¢,¥) is a multiplication (f,f). Now

W = {w’ €R| —#(w)y < H(w)s — #(w), for every 6 € ®}.

(This reduces to (3.4.3) by the multiplication isomorphism (1/w,1/w).) There-
fore for every non-negative integer k we have

W W)y = #(f*W)o = k#()g + # (W)o = — HW)g + #'(W)s.

Hence if Hy < o0 then H(w), < oo and it follows that #(f), = 0. Conversely, if f
satisfies the stated condition and 0 # w’ € W,then — #(fw')g= — #(f)e—#(W')s
S H(w")g— W (w')y for H(w')y # c0. Since this obviously holds if H(w')y = oo,
we have fw’ e W. Since, by (3.4.1) and (3.4.2), V= {veR|v, {ve W}, we have
also f¥ < V. Thus (f, f) is an endomorphism of (V,W).

In view of the conditions given in §5 for q.s. direct sums of torsion-free systems
of rank 1, the following corollary of 3.6 will be of interest. We omit its straight-
forward verification.

3.7. COROLLARY. In the notation of 3.6, the automorphisms of (V,W) are
given by the multiplications (f,f) where Hy % oo implies W(f)g=0. These
together with (0,0) form a field if and only if (V,W) is of type # (field of all
the rational functions) or there exists at most one 0 in © with Hy= oo (field
of scalar multiples of the identity). This field comprises all of End(V, W) if
and only if (V,W) is of type Z or is singular.

4. Quasi-spectral direct sums. To discuss q.s. direct sums of subsystems of
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given isomorphism types in a system (V, W), we choose for each isomorphism
type a representative system (S, T'). Instead of subsystems of (V, W) isomorphic
to (S, T), we consider monomorphisms of (S,T) into (V, W). A homomorphism
(¢,¥) of (S,T) into (V,W) is called a g.s. homomorphism in case (¢,¥)(S,T)
is g.s. in (V,W). We denote by D(S,T;V,W) the subset of Hom(S,T;V,W)
consisting of those homomorphisms which are not q. s. monomorphisms. The
vector space Hom(S,T;V,W) is made into a right module over the algebra
End(S,T) by setting (¢, V) (1,v) = (¢u,yv), (p,¥)eHom(S, T; V, W),
(#,v)€End(S,T), where (¢pu)s= d(us), Yv)t=y(vt), seS, teT. A subset
{(¢,-,1//,-)|iel} of Hom(S,T;V, W) is said to be linearly dependent modulo
D(S,T;V,W) in casé there exist a nonvoid finite subset {(¢,.¥)|ieJ}, J<1,
and endomorphisms {(y;,v;)|ieJ} of (S,T) at least one of which is an auto-
morphism, such that X, (¢;,%;) (i, v;) € D(S, T;V,W). As we shall see below,
this property does not always satisfy all that is usually demanded of linear de-
pendence. We show first its connection with q.s. direct sums.

4.1. LemMa. Let (S,T) and (V,W) be arbitrary systems. Let {(¢;,y;)|i €I}
be a subset of Hom(S, T; V, W) consisting of monomorphisms such that the sub-
systems  {(¢y,¥)(S, T)IieI} are independent and the direct sum
Tir + (@,0)(S,T) is q.s. in (V,W). Then {($-¥p)|iel} is linearly inde-
pendent modulo D(S,T;V,W).

Proof. Let {(¢’,y’)|j=1,-,n} be a finite subset of {(¢;,y)|iel}, and
consider a linear combination

Q @0 = @A),

where the (u;,v;) are endomorphisms of (S, T) at least one of which, say (u,,v,),
is an automorphism. We have to show that (¢,¥) is a q.s. monomorphism. From
(*) and

G = @G ™ = 2 @) (g0

we obtain (¢,¥)(S,T) = X5 1@,y (S,T) and (¢',¥")(S,T) < (¢,¥) (S, T)
+ Z','~=2(¢’,l//’)(S,T). Hence

¢ E@IED-6NED + E@ED.

If ¢s; + Xj_,¢%s; =0, s;€5, then ¢p'uys, + X7_, ¢ (w5, +s5;) =0. From the
independence of the subspaces ¢’S, j=1,--,n, it follows that ¢lu,s, =0.
Since ¢! and p; are monomorphisms, we get s; = 0. This and (**) show that
¢S is a direct summand of ELI(}S"S. The particular case s;=0, j=2,--,n,
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implies that ¢ is a monomorphism. The same argument applies to the range
spaces, so that (¢, ) (S, T) is spectral in 2}'= (@7, ¥9)(S, T) and (¢, ) is a mono-
morphism. Since Z;=1(¢j, Y9)(S,T) is spectral in X, (¢;,¥)(S, T), which is
q.s. in (V, W), it follows from 1.1 and the fact that being spectral implies being
g.s. that (¢,¥)(S,T) is q.s. in (V, W).

The next theorem reduces the question of the converse to the case of two
homomorphisms. A similar argument appeared in [1] in a special case.

4.2. THEOREM. Let {(S;,T)} be a family of systems of distinct isomorphism
types which satisfies the following condition:

If (V,W) is an arbitrary system and (¢;,¥;) e Hom(S;, T;; V, W), (¢n,¥1)
e Hom(S,,T,;V,W) are q.s. monomorphisms, which in case j=h are also
linearly independent modulo D(S;, T;; V, W), then (¢;,¥,)(S;, T;) + (¢4, V) (Shs Tn)
is a direct sum which is q.s. in (V,W).

Suppose that (V, W) is a system and that for each j, {(¢:;,¥;)|i€I()} is a
subset of Hom(S;,T;; V,W) (the index set 1(j) may be void). Then in order
that the (¢;;,V;;) be monomorphzsms the systems (¢;;,¥:;)(S;, T;) be independent
and the direct sum Z Lier h + (0:150:)(S;. T)) be q.s.in(V,W) it is necessary
and sufficient thatfor each j the set {(¢,,,x/1,j)| ieI(j)} be linearly independent
modulo D(S;,T;;V,W).

Jj2 i

Proof. The necessity follows from the last lemma. If the linear independence
condition holds, the fact that the (¢,;,¥;;) are monomorphisms is obvious. The
rest of the sufficiency proof is reduced by 1.2 to the case of a finite number n
of homomorphisms. If n is 0, 1 or 2 there is nothing to prove. Suppose that
n > 2 and that the statement is true in general for less than n homomorphisms.
Consider n of the given homomorphism which we denote now, without distinction
of isomorphism type, by (¢*, y*) e Hom (S*, T*; V, W), 1 £ k < n. We assume also
that the notation has been chosen so that if the systems (S* T*) are not all
distinct, then the systems (S*, T%), k = 1,---,m (2< m <n), coincide and are dif-
ferent from the rest. Let (u,v) be the natural homomorphism of (V, W) onto

VW) (o', ¥ 1)(SH, TY).

We show that the homomorphisms (¢*, ) of (S¥, T¥) into (V, W) [(¢*,¥")(S*, T")
defined by (¢*, %) = (u,v)(¢*,¥*), k =2,---,n, satisfy the hypotheses of the
theorem. Let K < {2,-+-,n} be a maximal subset of indices for which the systems
(S", T", ke K coincide, and let us denote this common system by (S, T). Let
(u*,v%), ke K, be endomorphisms of (S,T) at least one of which is an auto-
morphism. We have to show that (6,9) = Yk (B% UF) (¥, V) isaq.s. mono-
morphism. Incase (S, T) = (S*T") denote (¢,¥) = Ziex (0% ¥ (4, %) and let
(nt, p1),(n,p) be endomorphisms of (S,T) at least one of which is an auto-
morphism. Then
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(*) @y, pY) +(d,¥)(m,p) = (1, ¥ ) (at,p!) + kZK(¢", A ((TAWICA)

is a combination of the elements of {(¢1,y1)} U {(¢*,¥*)| ke K} with at least
one automorphism as a coefficient. Hence, by our assumptions, (*) is a q.s. mono-
morphism. The case of two homomorphisms therefore implies that
(@1, Yy (S,T) +(,¥)(S,T) is a qg.s. direct sum. The independence of these
subsystems together with the fact that (¢,¥) is a monomorphism imply that
(é,%) = (1,v)(¢,¥) is a monomorphism. Since

(6. 9)(S, T)=(($",¥")(S, T) + (,¥)(S, T) [($,¥1)(S, T),

it follows from 1.3 that ((5,:/7) is g.s. We have chosen the notation so that
in case (S,T) # (S, T!) the set {1} UK contains lessthan n elements. Hence
by our induction hypothesis (¢!, Y1) (St, T!) + X, k(" ¥*)(S, T) is a
g.s. direct sum. It follows from 1.3 and 1.4 that

k% (¢ ¥M(S,T) = ?K (@1 ¥) (S, T) + (" ¥")(S*, TY) (", ¥ ") (S, TY)
is a q.s. direct sum. Therefore, by 4.1, ((Z,l/;) is a q.s. monomorphism. It follows
now from our induction hypothesis that

k:EZ((}",l/?")(s", T = k§2((¢1, YOS, TY + (@599, T (91, ¥ (S, TY)

is a direct sum which is q.s. in (V, W) [(¢1,¥1)(S!, T?). Hence, again by 1.4, and
1.3, we see that Xj_ (¢*y¥*) (S, T is a direct sum which is q.s. in (V,W).

The condition of the last theorem for one system (S,T) is always satisfied
in case (S,T) is algebraically compact (this result will not be used):

4.3. THEOREM. Let (¢4,¥1),(¢2,¥,) be homomorphisms of an algebraically
compact system (S,T) into a system (V,W) which are linearly independent
modulo D(S,T; V,W). Then (¢,¥,), (¢,,¥,) are monomorphisms and
(91,91 (S,T) +(92,¥,)(S,T) is a direct sum which is q.s. in (V,W).

Proof. Obviously (¢,¥y) and (¢,,¥,) are q.s. monomorphisms. Hence
(¢1,¥)(S,T) is an algebraically compact g.s. subsystem of (¥, W) and there
exists a projection (n,p) of (V,W) onto (¢,¥,)(S,T). The pair of mappings
(u,v) =(¢1,¥1) " (m,p)(¢2,V¥,) is a well-defined endomorphism of (S,T). By
the linear independence condition,

(*) (¢2"//2) - (¢la¢1)(ﬂ’v) = (1 -n,1- p)(¢2: ¢2)

is a q.s. monomorphism. This implies that (¢,¥,)(S,T) N (¢,,¥,)(S, T) = (0,0)
and that (1-—=n,1-p)(¢,,¥,)(S,T) is q.s., and hence spectral, in
(1—-n,1—p)(V,W). Hence there exists a decomposition (1-—=,1—p)(V,W)
=(1 =7, 1= p) (62, ¥2) 5, T) + (X,Y). Therefore (V, W) = ($1,¥1) (S, T)
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+ (1 -, 1- p)(V9 W) = (¢1’ WI)(Sa T) + (1 -, 1 —P)(¢2, ¢2)(S: T)|+ (X, Y) and
(@1, ¥)(S,T) +(1—=n,1—p)(¢,,¥,)(S, T) is spectral in (V, W). Now (*) implies
that (1—m,1—p)(¢2,¥2) (S, T) S (¢1,¥1) (S, T) +($2:¥2) (S,T) and (§,,¥,)
= (¢1,¥ 1)) + (1 —m,1—p)(¢,,V,) implies that (¢,,¥,) (S, T) S (¢1,¥1)(S, T)
+(1—=m,1=p)(¢2,¥2)(S, T). Hence (¢1,¥1)(S,T) +(¢2,¥2)(S,T)=(¢1,¥1)S,T)
+(1—=m,1—p)(ds¥,) (S, T) is q.s. in i((V,W). We remark that by a slight
modification in the argument the theorem may be proved for (S,T) of finite
dimznsion without making use of the fact that (S, T) is algebraically compact.

In [1] the conclusion of Theorem 4.2. was proved for the family of all q.s.irr.
types which are of finite dimension or torsion type, namely I,,, I12, III, and I1%,
As we mentioned in 1.5, these types are algebraically compact (the proof of this
fact for the divisible types I, ’relied on 1.13 which in turn involved the knowledge
of D(S,T;V,W)). For these types there was no need to consider the module
Hom(S,T;V,W). The homomorphisms were replaced by a vector space of
chains, those corresponding to elements of D(S,T;V, W) forming an explicitly
described subspace. Instead of linear dependence modulo D(S,T;V, W), the
conditions were expressed by linear dependence of elements in the quotient space.
This was possible because for these types D(S,T;V,W) is a submodule of
Hom (S, T; V, W) and in addition the endomorphisms are sums of scalar multiples
of the identity and endomorphisms which are not monomorphisms (for I, III,,
just scalar multiples of the identity). We included 4.3 to indicate the wayin which
some of the results of [1] could be reestablished. More detailed statements are
not hard to obtain for (S, T) q.s.irr. and algebraically compact. However, since
we do not have new examples of such isomorphism types (see 5.8) we feel that
their further discussion is warranted only in a more general setting.

Returning to general (S,T), we define the relation < between elements and
subsets of Hom(S, T; V, W) as follows: (¢,¥) < L means that there exist finite
subsets {(¢,¥)|k=1,---,n} < L and {(i,v)|k=1,--,n} < End(S,T) such
that

(9, ¥) - .El (P V) (e, vi) € D(S, T V, W).

No confusion with the dependence relation introduced in §2 will arise. Evidently
a subset M of Hom(S,T;V,W) is linearly dependent modulo D(S,T;V,W) if
and only if there exists an element (¢,¥) in M such that (¢,¥) < M — {(¢,¥)}.
It is immediate that for (S, T) # (0,0) the relation < satisfies the dependence
postulates (b), (c), (d) of Theorem 2.3 and that the case n =1 of the exchange
postulate (e) is sufficient for its general validity. Hence, by the proof of 4.3 and
by 4.1, the exchange postulate holds for (S, T) algebraically compact. However,
there are systems (S, T'), even q.s.irr. ones, for which D(S, T; V, W) is not closed
under addition (see next section). Then, if (¢1,¥,),(¢,,¥,) € D(S,T;V, W) while
(¢1,¥1) +(¢3,¥,) is a q.s. monomorphism, we have
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(@1,¥0) + (92,02) < {(@1,¥1)}, (P1,¥) <D

and (¢,,¥,) + (@,,¥,)not < &; so that the transitivity postulate (a) of 2.3 is not
satisfied. It would be interesting to know whether even in this case one can define
a quotient object of Hom(S,T;V, W) modulo D(S,T;V,W) which will yield
a significant invariant of (V, W) corresponding to the isomorphism type of (S, T).
We do not pursue this problem here except to note that D(S,T;V, W) is closed
under scalar multiplication:

4.4. THEOREM. Let(S,T) be a q.s.irr. system and (V, W) an arbitrary system.
If (9,¥)e D(S,T;V,W) and (p,v) € End(S,T), then (¢,¥)(n,v)€D(S,T;V, W).

Proof. Suppose conversely that (¢,¥)(u,v) is a q.s. monomorphism. Then
if (S’, T') is a finite-dimensional subsystem of (S, T), there exists a decomposition

(¢a d’)(#’ V)(S, T) + (¢’ !//)(S” T/) = (¢’ W) (:u’ V)(S, T+ (X: Y)

where (X, Y) < (¢,¥)(S, T). Even if (¢, ) is not a monomorphism, (¢ ~*X,y ~'Y)
is a well-defined subsystem of (S, T'). Using the fact that (¢,y)(u,v) is a mono-
morphism, one readily checks that

(S, T) + (8, T) =S, T) + (07 Xy NN (W), T) +(S, T)).

Hence (u,v)(S,T) is q.s. in (S, T). Since (u,v) is clearly a monomorphism and
since (S,T) is q.s.irr., we have (u,v)(S,T)#(0,0) and therefore
(1, v)(S,T)=(S,T). Hence (u,v) is an automorphism, and from this the
contradiction that (¢,y) is a q.s. monomorphism follows immediately.

5. Quasi-spectral direct sums of torsion-free systems of rank 1.

5.1. LeMMA. Let (X,Y) be a torsion-free q.s. subsystem of (V,W) such that
(V,W)|(X,Y) is of type I1%. Then (X, Y) is spectral in (V, W).

Proof. Let U be a direct complement of X in V: V =X 4 U. Let {u,} be a
sequence of elements of U representing a chainin CZ3 3(4,B,;V/X,W/Y) which
spans (V,W)/(X,Y). Since (X, Y) is q.s. in (V, W), for every integer m = 0 there
exists a projection (7,,,p,,) of (Voo W) = (X + [u—p,=st00)s Y + T [t pyyeee,t40])
onto (X, Y). By changing if necessary the roles of A and B we may assume that
0 # o0. Operating on Byup€ Y, Au, — Bou;_, €Y, —m <k <0, with 1 — p,,, we
obtain By(1 — #,)ue =0, A(1 — n,)u, — By(1 — m,)u—; =0, —m <k <0. Thus
{(1 = n)u} 2, € C2mo’(A,By; V, W) (evidently u, =0, k > 1). Hence if n > m,
we have

{(TC,, - nm)uk}ofm € C-_—ﬁ ?)0 (A,Bo;X’ Y)'

Since (X, Y) is torsion-free, the last chain vanishes identically, so that =, is the
restriction of =, to V,,. From the relations p,Cv = Cn,v = Cx,v = p,Cv, where
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Cis A or By and veV,, it follows that p,, is the restriction of p, to W,,. Hence
there exists a pair (n,p) of linear transformations of ¥V and W into them-
selves which for every m =0 coincides with (n,,,p,) on (V,,W,). Since
T(V|X)=W]|Y, we have W =Y +7U. Thus (V,W) =JR-o(VsxsW,), and
(m,p) is a projection of (V, W) onto (X, Y).

5.2. THEOREM. Let (X,Y) be a torsion-free q.s. subsystem of (V,W) such
that (V,W)/(X,Y) is a torsion system. Then (X,Y) is spectral in (V,W).

Proof. The deduction of this theorem from 1.13 and 5.1 follows Sasiada’s
characterization of algebraically compact abelian groups (see [4, p. 83]). The
argument was used in [1] in showing that a divisible system is algebraically
compact. We include it here for the sake of completeness. Let {(V,, W,) | 0sa=<i}
be a transfinite sequence of subsystems of (V, W)/(X, Y) which has the properties
of 1.13 relative to the torsion system (V, W) /(X,Y) (instead of relative to (V, W)).
We set (V,,W,)=(X,,Y,)/(X,Y) and construct by transfinite induction an
increasing sequence {(U,,Z,)|0 <« <1} of subsystems of (V,W) such that

(*) (Xa, Ya) = (X, Y) + (Ua’Za) .

Then (U,,Z,) will be a direct complement of (X,Y) in (V,W). We take
(Uy,Z,) =(0,0). Suppose that the subsystems (U,,Z,) are already defined for
a<p (B<A).If Bisalimit ordinal, we define (Up,Zg) = an(Ua,Za). If p — 1exists,
then, being isomorphicto (X, Y),(X,_1, Ys_1)/(Up-1,Z4—,)is torsion free. Since
(Vg-1,W-1)isq.s.in (V,W)/(X, Y) and (X, Y)is q.s.in (V, W), it follows from 1.3
that (X;_;, Ys—y) is q.s. in (V, W) and hence (X;_, Y;_1) [ (Ug-1,Z5-1) is q.s. in
(X3, Y3)[(Ug—1,Zg_4). The quotient system of the last two systems, which is
isomorphic to (V3, Wy) [ (V- 1, Ws—1), is either of finite dimension or of some type
II¢. Applying Lemma 5.1 in the case of the second alternative, we obtain a
decomposition

(X, Yp) [(Ug—1,Z5—1) = (Xg-1, Y3 1) [(Ug—1,Z5_1) + (Up, Z) [(Up—1,2Z5—,),
(Up,Zp) > (Uﬁ—1,Zp-1)-
This together with the case a = § — 1 of (*) implies that (*) holds for a = 8.

5.3. LEMMA. Let (X,Y) be a torsion-free q.s. subsystem of (V,W). Then
V,W)N(X,Y)=(0,0) and ((V, W)+ (X,Y) is q.s. in (V,W).

Proof. Let x € X belong to the domain of #(V, W). By 1.11 there exists a finite-
dimensional torsion subsystem (U,Z) of #(V, W) such that x e U. Since (X,Y)
is q.s. in (V, W), there exists a projection (z,p) of (X,Y) + (U,Z) onto (X, Y).
By 1.10, (7,p)(U,Z) is a torsion subsystem of the torsion-free system (X, Y).
Hence, 1.11, it vanishes, and x = nx = 0. The same argument is valid for the
range spaces. Thus #(V,W)N (X,Y)=(0,0). By 2.1(d) we have
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d (X, V)/(X,Y) =V, W)/(X,Y)).
According to 1.13 this is a q.s. subsystem of (V, W)/(X,Y), and since (X, Y) is

q.s. in (V, W), it follows from 1.3 that cl(X,Y) is q.s. in (V, W). We complete
the proof by showing that cl(X,Y) =V, W) +(X,Y). By 2.1(a)(c),

(X, Y)2c(F,2) =4V, W), cl(X,Y)2(X,Y);

thus cI(X,Y) 2 «(V, W) + (X,Y). On the other hand, Theorem 5.3 implies that
(X,Y) is spectral in cl(X,Y). A direct complement of (X,Y) in cl(X,Y) is a
torsion system, and hence, 1.12, included in #(V, W). This proves the required
reverse inclusion.

An immediate consequence of 5.3, 1.3 and 1.13 is

5.4. COROLLARY. Let (¢,y) be a homomorphism of a torsion-freesystem (S, T)
into a system (V,W), and let (u,v) be the natural homomorphism of (V,W)
onto (V,W)[t(V,W). Then (¢,¥)e D(S,T;V,W) if and only if

(1,v)(9,¥) € D(S, T;(V, W) [V, W)).

We also have

5.5. COROLLARY. Let (S, T;) be a torsion system and let (S,,T,) be torsion-
Sfree. If (¢,¥), i =1,2 are q.s. monomorphisms of (S;,T;) respectively into a
system (V, W), then

(@1:¥1)(S1, T1) + ($2:¥2)(S2, T2)
is a direct sum which is q.s. in (V,W).

Proof. By 1.12, (¢,,¥,)(Sy, Ty) < #(V, W). From 5.3 the independence of the
image systems follows immediately, while to prove that their sum is q.s. it suffices
according to 1.1 to show that it is q.s. in #(V, W) + (¢1,¥,)(S2, T3). Let (X, Y)
be a finite-dimensional subsystem of #V,W)+ (¢,,¥,)(S2,T;), and let
(my,p;), i =1,2 denote the projections associated with the last decomposition.

Then (¢,,¥)(S;, Ty) + (m4,p1)(X,Y) is a finite-dimensional extension of
(¢1,¥1)(S;, Ty), and hence there exists a decomposition

@1,Y)(S1LTY) + (1, p)(X,Y) =(01,¥1)(S1, T) + (X', Y'), (X,’Y') S ((V, W).
Therefore
@1,V (81, Ty) +(92,¥5)(S,, T3) + (n4,p1)(X, Y)
*
® = (GuUDSLT) + G292 (S Ty £ X', 1),

Hence (¢4,¥1)(S1, Ty) + (¢2,¥,)(S,, T,) is spectral in the system (*). Since
(72,02) (X, Y) = (¢2,¥2)(S;, T2), the system (*) includes
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(D1, ¥)(S1, Th) +(92,¥2)(S2, T,) + (X, Y).

Therefore (¢4,¥4) (S1,T1) + (¢2,¥ 2)(S2,T2) is spectral in (¢4,¥,) (S1, T})

+(02,02) (82, Ty) + (X, Y) s le., itis g.s. in (V, W) + (¢2,¥2)(S2, To).
Corollary 5.4 together with the next theorem yield a characterization of

D(S,T;V,W) when (S, T) is an infinite-dimensional torsion-free system of rank 1.

5.6. THEOREM. Let (X, Y) bean infinite-dimensional torsion-free system of rank
1 which is a torsion-closed subsystem of (V,W). Then (X,Y) is q.s. in (V,W).

Proof. From the assumption that (V, W)/(X,Y) is torsion-free and from 1.8
it follows that it will be sufficient to prove that (X, Y) is spectral in subsystems
(U,Z) of (V,W) such that (U,Z)/(X,Y) is of type III,. Since every system is
obviously spectral in extensions by type III_, or III,, we suppose for the
purpose of induction that m =1 and that the statement is true for extensions
by type III,_,. From 1.6 one sees that (U,Z)/(X,Y) contains a subsystem
(U',Z")/(X,Y) of type III ,,_, such that

U,2)/(U",Z2)=(U,2)[(X, ) [(U',Z)[(X, Y))

is of type IIy. This means that there exists an element ueU such that
(U,2)=(U",Z") +([u],7 [u]) and AueZ’. By the induction hypothesis there
is a decomposition (U’,Z')=(X,Y)+ (U",Z"). Then Au=y +2z", where
yeY, z'€Z’. The system (U",Z") is of type IIl,_,; hence it is spanned by a
chain {u; m-leCy ™= 1(A,B;U",Z") with corresponding range elements {z }o.
From the assumptions on (X,Y) and from Lemma 2.2 it follows that (X,Y)
contains a subsystem (X’,Y’) of type III,, n =m—1, such that yeY’. Let
{x{}3 be a chain in C 1(4,B;X’,Y’) with range elements {y;}5*' which spans
(X', Y’). We then have representations z” = X 0,2, y = Xptp B Vi It is easy
to verify that the sequence

4 ’
(*) ( “mu(;' + ﬂn+ lxu,—m+l’ Ay + ﬁn+1xn—m+23"'9amu::z—1
m=—1 n
+Bn+lxr:a u—= Z aku;s,— E ka;c )
k=0 k=0
is a chain in CQ M(4,B; U,Z) with range elements

(dng + ﬁn+ IY:l—m-l-l’ amz'{ + ﬂn+ lyrll-m+2,"'aamz::l
*% m-1 n
) + Bt 1Vns1, Bu— > UZksr1 — X ﬂky;c+l)'
k=0 k=0
We have a,, # 0 since otherwise the last element of (*), which is congruent
modulo U’ to u and therefore does not belong to U’ or X, would be transformed
by A into B,41Vs+1 €Y. This would be against the fact that (V,W)/(X,Y) is
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torsion-free. Hence reducing the sequences (*) and (**) modulo X’ and Y’
respectively one sees that they are linearly independent modulo X and Y
respectively. Therefore they span a subsystem of type III,, independent of (X, Y);
i.e., a direct complement of (X, Y) in (U, Z).

We remark that a proof of the last theorem could have been based on the fact
that systems of type III, are spectral in extensions by a system of type III,, if
n=m. This is a corollary of the explicit determination obtained in [1] of
D(S,T;V,W) for (S,T) of type III,. However the restriction n = m imposed
here is necessary and therefore 5.6 does not hold for (X, Y) of finite dimension
(cf. the following example or 5.8).

At this point the reader may wonder whether there exist q.s.irr. torsion-free
systems which are not of rank 1. It follows from Theorem 5.6 that in such a
system every nonzero range element must generate a finite-dimensional system
(i.e. of some type IIL,). In particular such a system must be singular (it is easy
to see that every indecomposable torsion-free module over the complex poly-
nomials gives rise through the correspondence mentioned in §1 to a nonsingular
indecomposable torsion-free system of the same rank). We shall be content with
the following example (cf. the example of an indecomposable torsion-free mo-
dule of rank 2 in Kaplansky [6]).

5.7. ExaMPLE. There exists a q.s.irr. torsion-free system of rank 2.

Let V be the vector space of all the polynomials in an indeterminate { over
the complex field, and let W be of the form W =V 4 [w,], where wy # 0. We
make (V, W) into a system by requiring for a fixed basis 4, B of J the following

relations
ACk = Ck + % Wo,
BCk = Ck+l’ k=09112;"'a

where the scalars a, are chosen so that the formal power series X oa,l*
is not the expansion of a rational function of (. The quotient system
(V,W)/[(0,[wo]) is isomorphic to the torsion-free system of rank 1 (S,T) 5,
where Hy = 0 for 6 # oo and H,, = oo (this notation was introduced at the end
of the proof of 3.4). It follows from Theorem 2.4 that (V, W) is of rank 2, and
of course torsion-free. Any nontrivial q.s. subsystem (X,Y) of (V,W) must,
by the same theorem, be of rank 1. If (X, Y) itself is not of infinite dimension,
it has according to 1.5 a direct complement which is of infinite dimension (and
rank 1). In either case this implies the existence of an element w # 0 in W such that
Yoo H(W)g = 00 (the heights may be considered in (V, W)). Since (0,[w,]) is
torsion-closed in (V, W), the height function of w, in (V, W) is the same as in
(0,[wo])- Therefore w is not a scalar multiple of wy. The sum of the heights of
w at the finite points § does not exceed the corresponding sum for the image of
w in (V, W)/(0,[wo]), and the latter is finite by 3.4. Thus H(w)e,= 0. We show
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that this is impossible. Suppose w = p({) + fwo = Xn—oBil* + Bwo, P() #0.
In order that Aq({) = p({) + Bwo, we must have g({) = p({) and X7 _o B2 =0,
and then (B/A)w ={p({). The applicability of higher powers of B/A implies
similarly the relations Xp_B %4+, =0, m=1,2,---. But this means that
2o, L* is an expansion of a rational function, against the choice of the «,’s.

We shall show below that the conditions of Theorem 4.2 are partially satisfied
for torsion-free systems of rank 1. Theorem 4.3 is not applicable here:

5.8. THEOREM. A torsion-free system of rank 1 which is not of type III,, or
2 is not algebraically compact.

Proof. By an appropriate choice of a basis A, B of 7 we may assume that the
system in question, which is of infinite dimension, is (S, T)4; where H,, < c0.
Let the vector spaces V, W be of the form

[oe]
V = Sg,s + 2 + [vk], U;;#O,
k=0

W = TE,B + Zo + [, we # 0.
k=

We define a system operation in (¥, W) by the requirements that (S, T) 4 5 be a
subsystem of (V, W) and that

Av,, = W,
Bu, = We., +1 (hereleTqp), k=0,1,2,-.

It is clear that (V, W) /(S, ’I'),'fm is torsion-free (of the same type as in the former
example). Hence, by 5.6, (S, T)f,',B is g.s. in (V, W). On the other hand, if (z, p)
were a projection of (V, W) onto (S, T)f,a, we would have the relations

- (pwi) {-(pAv) = (Anv) = {(nv) = Bny,
= pBu,=pWi+1 +1)=pwiyy +1, k=0,1,2,--.

From these it would follow recursively that pw, = {* pwy — ,’-‘; o¢’. But then
—#(pw,)o Would attain arbitrarily large values, against the assumption that

H, < .

5.9. LeMMA. Let (¢y,¥,), (¢2,¥,) be homomorphisms of a torsion-free
system of rank 1 (S,T) into a system (V,W) which are linearly independent
modulo D(S,T;V,W). Then (¢;,¥1), (¢2,¥,) are monomorphisms and
(¢1,¥1)(S, T) +(92,¥,)(S, T) is a direct sum which is q.s. in (V, W).

Proof. Obviously (¢4,¥,) and (¢,,¥,) are q.s. monomorphisms. If we had
(@1,¥1)(S, T)N (P2,¥2)(S, T) #(0,0), then
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((¢1’ 'l’l)(S’ T) + (¢2’¢2)(S’ T))/(¢19 '//1)(5, D
= (92,¥2)(S, T)[($1,¥1)(S, T) N ($2,¥2)(S, T))

would be, by 2.2, a torsion system. This would imply, according to 5.2, the
existence of a projection (m,p) of (¢y,¥,)(S,T) +(¢2,¥,)(S,T) onto
(¢1,¥1)(S,T). But then, by the argument used in the proof of 4.3, we would get
(@1,¥)(S, T)N (¢p,,¥,)(S,T) = (0,0). This contradiction shows that

(X,Y)= (¢1a ‘l’l)(s, T) + (¢2,‘//2)(S, T)

is a direct sum. To show that (X, Y) is also q.s., we may, by 1.5 and 4.3 (or by
referring to [1]), restrict ourselves to the case that (S, T) is of infinite dimension.
We assume without loss of generality that (S,T) = (S,T)4 5 for some height
function H. We also assume first that (V, W)is torsion-free. Under this assumption
we shall show that (X,Y) is torsion-closed in (V,W). It will follow that
X,Y)/(¢1,¥1)(S,T), which by the directness of the sum is isomorphic to
(S, T), is torsion-closed in (V,W)/(¢,¥1)(S,T). Theorem 5.6 will then imply
that (X, Y)/(¢1,¥1)(S,T) is q.s. in (V, W)/(¢1,¥1)(S, T). Hence, by 1.3, (X, Y)
is g.s. in (V,W). Let ve V, 0 € © be such that Byve Y. Then Bgv = {1, t; + ¥, t,,
where t;,t, € T. If Hy = oo, then H(t,), = H(t,)y = 0, and there exist s; € S such
that Bgs; =t;, i =1,2. Then

™ By(v — ¢y 5, — ¢,5,) =0,

and since (V, W) is torsion-free, v = ¢ s, + ¢, s, € X. Suppose now that H, < c0.
It follows from (3.4.1) that we can represent t;, i = 1,2, in the form

() = z(0) + a({ — 6) He

(or t0) = z,0) + a;t%= if @ = 00), where a; is a scalar and —#1(z,), < Hp — 1.
Denote si({) = z,() / ({ —6) (or s0) = z,{) if 0 = o0). Then (if 6 # )

-#(z), £H, for n# 6,0,

” (si) W-(Zi) + ” (Z 0) - WZ:’)O + <—- Ho fO 'l = 0,
n n 1 r
mzi)w 1 S—— 1100 1 for n=0.

Thus by (3.4.2), 5;€ S (a similar check sustains this conclusion in case 6 = o).
We then have

** By(v— 151 —h252) = Y1ty + Wty — W12y — Y2y = (¥ + a0t

where t = ({—0)"" (or {#>) belongs to T. If @, =a, =0, then (**) reduces to
(*), and therefore ve X. Otherwise it follows from the assumption of linear
independence modulo D(S,T;V, W) that (¢,¥) = a,;(¢1,¥1) + o3(P2,¥,) is q.s.
and hence, by 2.1(g), that (V,W)/(¢,¥)(S,T) is torsion-free. Therefore (**)
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implies that v—¢; —s,¢,s5, € ¢ S. But ¢S< X, and therefore we haveagain ve X.
Thus (X, Y) is torsion-closed in (¥, W) as required. Finally we remove the assump-
tionthat (¥, W)istorsion-free. Let (1,v) be the natural homomorphisms of (V,W)
onto (V, W) /t(V,W) and let (;,v,), i = 1,2, be endomorphisms of (S,T) atleast
one of which is an automorphism. Then

2 2
'§1 (V) (@i, ) (5, v) = (1, v) '§1 (¥ (i, v)

is a q.s. monomorphism by 5.4. Hence by the case of a torsion-free system
T2 (@) (S, T) + t(V,W)) | ((V, W) is a q.s. direct sum. This fact and 5.3 yield,
as in the proof of 4.2, the desired conclusion.

5.10. LeMMA. Let (X;,Y), i=1,2, be torsion-free systems of rank 1 of
different isomorphism types which are q.s. subsystems of a system (V,W).
Suppose in addition that at least one of these subsystems is finite-dimensional or
that | J2-,{0€®|Hj= o0} = ©, where H e #(X,,Y,). Then (X, Y,) +(X,,Y,)
is a direct sum which is q.s. in (V,W).

Proof. Referring to the partial order introduced after 3.5, we may assume,
say, that

* H (X3, Y) £H(X,, YY)

As in the proof of the previous lemma, if (X, Y;) N(X,,Y;) # (0,0), then there
exists a projection (%, p) of (X,,Y;) +(X,,Y,) onto (X, Y;). From (*) it follows
that the restriction of (n,p) to (X,,Y,) is not a monomorphism. Hence, by 3.1,
this restriction vanishes; which shows that (X, Y) = (X, Y;) +(X,,Y;) is a direct
sum. We omit the verification that (X, Y) is q.s. in case both systems are of finite
dimension since this result was proved in [1]. In case that at least one of the
systems is of infinite dimension it suffices by the argument of the preceding lemma
to show that, under the additional assumption that (¥, W) is torsion-free, (X, Y)
is torsion-closed in (V,W). Let ve V, 0e © be such that By =y, + y,,y,€ Y,.
If (X, Y) say is finite-dimensional, it is algebraically compact, and there exists
a projection (m, p) of (V, W) onto (X y, Y;). Again the restriction of (n,p)to (X,,Y,)
must vanish. Therefore By(v — nv) = Byp — p(yy + y,) = B — y, = y, € Ys.
Since (X,,Y,) is torsion-closed in (V, W), it follows that v—nve X,, or ve X.
If both systems are of infinite dimension, we have say H; = co. Then H(y,), = ©
and there exists an element x, € X, such that Byx, = y,. Then By(v—x,) = y,,
and we have again ve X.

We remark that in case (X, Y) are both of infinite dimension and there exists
a 0in © with Hj < o0, i =1,2, the sum (X, Y) is not necessarily q.s.: By 3.4
there exist elements y; in Y; such that H(y,), = 0, i = 1,2. Define a system (V, W)
by stipulating that V =X, + X, + [0],W =Y, + Y, 4 [w],0,w #0,(X;, Y;) are
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subsystems of (V,W), Bov =y, + y, and for some 5 # 0, B,o =w. Then it is
easily verified that (X,,Y)) are torsion-closed in (V, W), hence q.s. On the other
hand (V, W) is torsion-free and (X, Y) is not torsion-closed.

From 4.2, 5.5, 5.9, 5.10 and theresult of [1] that the family of q.s.irr. torsion
types satisfies the conditions of 4.2, we obtain:

5.11. THEOREM. Theorem 4.2 remains valid if the conditions on the family
of nonisomorphic systems {(S;,T;)} are replaced by the requirements:

(a) Each (S;,T)) is either a q.s.irr. torsion system or a torsion-free system of
rank 1.

(b) Any two infinite-dimensional torsion-free systems of rank 1 in the family
satisfy the condition of 5.10.

The discussion in §4 of the relation < between elements and subsets of
D(S,T;V,W) can be completed somewhat in case that (S, T) is torsion-free of
rank 1. For such (S,T) this relation satisfies the exchange postulate. As we
noted in §4, it suffices to verify that (¢,,¥) <{(¢,¥,)} and (¢,¥) not < imply
that (¢,¥,) <{(¢,¥)}. By the results of [1] and 5.4, one has to consider only
the case that (S, T) is infinite-dimensional and (V, W) is torsion-free. The verifica-
tion is then immediate upon inspecting the proof of 5.9. However, as our next
result shows, the relation < is transitive, and therefore a dependence relation,
only for an exceptional class of torsion-free systems of rank 1.

Relative to a given basis 4, B of 7 we denote by %’ the isomorphism type of
the torsion free systems of rank 1 with height functions which are finite at the
single point 6.

5.12. THEOREM. Let (S,T) be a torsion-free system of rank 1. Then
D(S,T;V,W) is closed under addition for every system (V,W) if and only if
(S,T) is of one of the following types: IlI,,, m = — 1,% or %°, € @.

Proof. Note that according to 4.4 these are the cases in which D(S,T;V, W)
isalwaysasubmodule of Hom (S, T'; ¥, W). Corollary 5.4 reduces the question to
the case that (V, W) is torsion-free. As we mentioned in §4, the result for the
types III,, was proved in [1]. If (S, T) is of type Z and (V, W) is torsion-free,
then D(S, T; V, W) consists of the zero homomorphism only. Every other homo-
morphism (¢,¥) is a monomorphism by 2.2. If B,ve YT, then since (S, T) is
divisible, there exists an element s in S such that B,¢s = B,v. Since (V,W) is
torsion-free, we have v = ¢s e ¢S. Thus (@,¥)(S, T) is torsion-closed and hence
q.s.in(¥, W). Choose now as a system of type #° the system (S, T) = (S, )% 5,
where

0 ifn=20,
H, = ‘oo otherwise.
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Let (¢;,¥)), i = 1,2, belong to D(S,T;V,W), where (V,W) is torsion-free. We
assume that (¢,¥,), (¢,,¥,) and (¢,¥,) + (¢,,¥,) are monomorphisms, since
otherwise at least one of them vanishes and there is nothing to prove. From 5.6
it follows that there exist v;eV, n,€® such that B, v;=yt;, t,eT, v; ¢ §;S.
By the argument used for type %, we must have n, =, = 6 and

* H(ty)g = H(t2)s=0.

As in the proof of 5.9, there exist s;€ S such that t; = Bys; + o;-1 (1€ T). Here
oy,0, # 0 because of (*). Define
b= Uyt bisi 95
%y 5] %y %3

Then By = (Y, +y,)1. Since (¢,¥,) +(¢,,¥,) is a monomorphism and
H(1)g=Hp =0, v¢(¢d; + ¢2)S. Thus ((¢1,¥1) +($2,¥2))(S,T) is not torsion-
closed in (V,W)and(¢,,¥,) +(¢,,¥,) e D(S,T;V,W).If(S,T) is not of one
of the types mentioned in the theorem and is nonsingular, then using 3.6, 3.7
one constructs two endomorphisms of (S, T) which are not automorphisms but
the sum of which is the identity. Thus D(S,T;S, T) is not closed under addition.
If (S, T) is singular of infinite dimension, let 6, # 6, be elements of ® and let
t;€ T be such that H(t),, =0, i = 1,2. Define a system (V, W) as follows:

V =X+ X, +[v] +[v2],
W=Y +7Y,4 [w]+[w:]

where (X;,Y)), i=1,2, are subsystems of (V, W) isomorphic to (S,7) under the
isomorphisms (¢, ¥,) ; vy,0;, Wy, Wy # 05 By,vy = Y1ty, By,vy =wy, Byvy=w,,
By,v, = Y,t,. It is evident that (V,W)/(X;,Y;) are not torsion-free and that
(¢1,¥1) +(¢,,¥,) is a monomorphism. One verifies that

VW) (91,91 +(92,¥2)(S, T)

is torsion-free (hence so is (V, W)). Thus (¢;,¥;) € D(S, T; V, W) while their sum
is a q.s. monomorphism.

Our concluding result shows how in a special case the invariant
Hom(S,T;V,W)/D(S,T;V,W) determines the structure of the system.

5.13. THEOREM. Let (S, T) be a singular torsion-free system of rank 1, and
let (V,W) be a direct sum of subsystems isomorphic to (S, T). Then D(S,T;V,W)
consists of the zero homomorphism only. We have (V,W)= X+ (¢:,¥:)(S,T)
with (¢;,V;) monomorphisms if and only if {(¢;,¥,)} is a basis of Hom(S, T; V, W)
considered as a vector space over the field of complex numbers. Hence the cardinal
number of summands in every such decomposition is the dimension of the
vector space Hom(S,T;V, W).



1964] ALGEBRAIC EQUIVALENCE BETWEEN LINEAR TRANSFORMATIONS 453

Proof. Let (V,W)=ZX {(X;,Y,) be a decomposition of (V,W) into
subsystems isomorphic to (S, T), and let (=;,p;) be the associated projections.
Let (¢,¥) be a nonzero element of Hom(S, T; V, W). According to 3.1, (¢,¢) is a
monomorphism. Let ¢ be a nonzero element of T. Then K = {i|pyt #0} is a
finite nonvoid set, and yte X, x Y; or (&, {Yt}) = ;. x(X;, ). Since (¢,¥)
is a monomorphism, (¢,)(S,T) is torsion-free of rank 1, and hence
(@, ¥9)(S, T) =clg gy (5,7, {¥t}). According to 2.1(e), 2.1(a) and 2.1(g) we have

(D, ¥)(S,T) =cliy yys.1/(B, {Y1t}) = clyw wy(B, {Yt}) = CI(V,W)iZK X, 1)
= 2 (Xb Yi)'

iek

Hence (¢,¥) = Xi; (m;,p,) (¢, V). By the definition of K we have (n;,p,) (¢, %) #(0,0)
for i e K. It follows that if (¢;,1;) denotes an isomorphism of (S, T) onto (X;, Y),
then (4,,7)) " (n;,p,)(¢,¥) is a nonzero endomorphism of (S,T). By 3.7 this
endomorphism is of the form a,(1,1), a; a nonzero complex number. Therefore
(6,¥) = X,k (65,7);, and 4.1 shows that (¢,¥) is q.s. This proves the first
statement of the theorem. The necessity part of the second statement follows
immediately from the first statement, 5.11 and 3.7. There also show thatif {(¢;,¥;)}
is a basis of Hom(S, T; V, W), then X(¢,,¥,)(S, T) is a direct sum. That it exhausts
(V, W) follows from the fact that for every j, (¢;,7;) is a finite linear combination
with complex coefficients of elements of the basis; hence (X, Y)) is contained in
X(¢:,¥.)(S, T). The last statement of the theorem is obvious.
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